Introduction {#Sec1}
============

The explanation of the late-time accelerated expansion of the universe, confirmed by different observations \[[@CR1]--[@CR9]\], represents one of the most important challenges of the modern cosmology. The current observational evidence for dark energy remains consistent with the simplest model of the cosmological constant, but there is no explanation to its smallness compared with the expected value as the vacuum energy in particle physics \[[@CR10]--[@CR12]\]. In addition, according to the analysis of the observational data, the equation of state parameter *w* of the dark energy (DE) lies in a narrow region around the phantom divide ($\documentclass[12pt]{minimal}
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                \begin{document}$$-1$$\end{document}$. All this motivates the study of alternative theoretical models that give a dynamical nature to DE, ranging from a variety of scalar fields of different nature \[[@CR13]--[@CR27]\] to modifications of general relativity that introduce large length scale corrections explaining the late-time behavior of the universe \[[@CR28]--[@CR34]\] (see \[[@CR35]--[@CR38]\] for review).

The low-energy limit of fundamental physical theories like string theory constitute an important source of physical models to address the dark energy problem. These string-inspired models usually contain higher-curvature corrections to the scalar curvature term and direct couplings of the scalar fields to curvature \[[@CR39], [@CR40]\]. The couplings of scalar field to curvature also appear in the process of quantization on curved space time \[[@CR41], [@CR42]\] and after compactification of higher dimensional gravity theories \[[@CR43]\]. These couplings provide in principle a mechanism to evade the coincidence problem, allowing (in some cases) the crossing of the phantom barrier \[[@CR16], [@CR17], [@CR44], [@CR45]\]. A representative model of this type of theories, the subject of the present work, is the one that contains non-minimal coupling to curvature and to the Gauss Bonnet (GB) invariant. The GB term is topologically invariant in four dimensions, but nevertheless it affects the cosmological dynamics when it is coupled to a dynamically evolving scalar field through arbitrary function of the field. In addition, this coupling has the well-known advantage of giving second order differential equations, preserving the theory ghost free. The role of the non-minimal coupling in the DE problem has been studied in different works, including the constraint on the coupling by solar system experiments \[[@CR13]\], the existence and stability of cosmological scaling solutions \[[@CR14], [@CR15]\], perturbative aspects and incidence on CMB \[[@CR46], [@CR47]\], tracker solutions \[[@CR48]\], observational constraints and reconstruction \[[@CR16], [@CR17], [@CR49]\] the coincidence problem \[[@CR50]\], super acceleration and phantom behavior \[[@CR51]--[@CR55]\], asymptotic de Sitter attractors \[[@CR56]\] and a dynamical system analysis \[[@CR57]\]. On the other hand, the GB invariant coupled to a scalar field has been proposed to address the dark energy problem in \[[@CR58]\], where it was found that quintessence or phantom phase may occur in the late-time universe. Different aspects of accelerating cosmologies with GB correction have also been discussed in \[[@CR19], [@CR59]--[@CR62]\], and a modified GB theory applied to dark energy has been suggested in \[[@CR63]\]. For a model with kinetic and GB couplings \[[@CR64]\], solutions with Big Rip and Little Rip singularities have been found, and in \[[@CR65]\] the reconstruction of different cosmological scenarios, including known phenomenological models has been studied. In \[[@CR66]\] a model with non-minimal coupling to curvature and GB coupling was considered to study dark energy solutions, where a detailed reconstruction procedure was studied for any given cosmological scenario. In the absence of the potential exact cosmological solutions were found that give equations of state of dark energy consistent with current observational constraints.

Despite the lack of sufficient astrophysical data to opt for one or another model, it is interesting to consider scalar--tensor couplings to study late-time universe since it could provide clues about how fundamental theories at high energies manifest at cosmological scales. The different studies of accelerating cosmologies with GB correction demonstrate that it is quite plausible that the scalar--tensor couplings predicted by fundamental theories may become important for the current low-curvature universe.

In the present paper we study the late-time cosmological dynamics for the scalar--tensor model with non-minimal and Gauss--Bonnet couplings. To this end, and due to the non-linear character of the cosmological equations, we consider the autonomous system and analyze the cosmological implications derived from the different critical points. The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we introduce the model and give the general equations, which are then expanded on the FRW metric. In Sect. [3](#Sec3){ref-type="sec"} we introduce the dynamical variables, solve the equations for the critical points and give an analysis of the different critical points. In Sect. [4](#Sec6){ref-type="sec"} we give a summary and discussion.

The action and field equations {#Sec2}
==============================

The action for the scalar field with non-minimal coupling of the scalar field to curvature and the coupling of the scalar field to the Gauss--Bonnet invariant, including also the matter content, is given by Eq. ([2.1](#Equ1){ref-type=""}). The non-linear character of the cosmological equations makes the integration very difficult for a given set of initial conditions. Nevertheless the autonomous system for this model allows one to study some interesting scaling solutions and the cosmological implications coming out from the different critical points.$$\documentclass[12pt]{minimal}
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The critical points {#Sec3}
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Exponential function for couplings and potential {#Sec5}
------------------------------------------------

In this case we introduce the following restrictions on the couplings and potential by defining the constant parameters *b*, *c*, and *d*:$$\documentclass[12pt]{minimal}
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Concerning the point **A6**, the power-law behavior of the scale factor is given by$$\documentclass[12pt]{minimal}
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Discussion {#Sec6}
==========

The scalar--tensor models represent a good source for modeling the dark energy and indeed, the explanation of the accelerated expansion of the universe. In this regard, it is important to ask about the relevancy of the scalar--tensor couplings, predicted by fundamental theories, for the current low-curvature universe.

In the present work we studied some aspects of the late-time cosmological dynamics for the scalar--tensor model with non-minimal and Gauss--Bonnet couplings (see Eqs. ([2.1](#Equ1){ref-type=""}) and ([2.4](#Equ4){ref-type=""})). We considered the autonomous system and analyzed the critical points for two types of couplings and potential: for power-law couplings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(\phi )\propto \phi ^{b+1}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta (\phi )\propto \phi ^{d+1}$$\end{document}$ and potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\phi )\propto \phi ^c$$\end{document}$ and for exponential couplings and potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(\phi )\propto e^{b\phi }$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta (\phi )=\propto e^{d\phi }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\phi )=\propto e^{c\phi }$$\end{document}$. The presence of the GB coupling gives additional solutions with respect to the model of a scalar field with non-minimal coupling that has been already considered in \[[@CR57]\], for power-law functions of the scalar field for the non-minimal coupling and potential. In the case of power-law functions of the scalar field for the couplings and potential, we have described nine critical points, two of which we highlight here, the points **A5** and **A6**, since they contain stable quintessence and phantom solutions besides the stable de Sitter solutions. The critical point **A5** becomes a de Sitter solution under the restriction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=b+1$$\end{document}$, and the stability depends on the relation between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\ne 1$$\end{document}$ and *d* as discussed in the point **A5**. Particularly, the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b=1$$\end{document}$, which gives the standard non-minimal coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi \phi ^2$$\end{document}$, leads to a de Sitter solution with marginal stability since one of the eigenvalues is zero (the others are negative), and the Higgs-like potential ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V\propto \phi ^4$$\end{document}$) leads to a stable de Sitter expansion. This point (dominated by the scalar field) can also describe stable solutions with the equation of state for the dark energy in the region around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_\mathrm{DE}=w_\mathrm{eff}=-1$$\end{document}$, with values above or below $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$, corresponding to quintessence and phantom behavior, respectively. It is worth noting that the limit of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$-coordinate ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{t\rightarrow \infty }\Gamma =b+1$$\end{document}$) is reached only at the large non-minimal coupling limit ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi ^{b+1}>>1$$\end{document}$). This limit is obtained for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b>1$$\end{document}$ (in this case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{t\rightarrow \infty }\phi =\infty $$\end{document}$), or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta <0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b<-1$$\end{document}$ (in this case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{t\rightarrow \infty }\phi =0$$\end{document}$), and for both cases the effective Newtonian constant, defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\phi )^{-1}$$\end{document}$, vanishes at the critical point. The combined effect of the non-minimal and GB couplings is reflected in the point **A6** where the effective EoS depends on the two parameters *b* and *d*, though the stability involves the *c*-parameter of the potential. For this point the de Sitter solution is reached when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=b$$\end{document}$, which is stable whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c<b$$\end{document}$ or a saddle point if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>b$$\end{document}$. Particularly, the potentials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V=\mathrm{const}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V\propto \phi ^2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V\propto \phi ^4$$\end{document}$ give stable de Sitter solutions. The case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b=1$$\end{document}$ leads to a marginally stable de Sitter solution with one zero-eigenvalue as in the point **A5**. This point also describes stable quintessence and phantom solutions as discussed in **A6**. In this point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{t\rightarrow \infty }\Gamma =b+1$$\end{document}$ is reached also at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \rightarrow 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \rightarrow \infty $$\end{document}$, but in both limits the effective Newtonian coupling vanishes.

The point **A7** contains an interesting scaling solution for the radiation-dominated universe, with the scalar field being subdominant. With $\documentclass[12pt]{minimal}
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The exponential functions of the scalar field for the couplings and the potential, which are typical of string-inspired gravity models, give rise to new critical points that contain stable quintessence and phantom solutions, including also de Sitter solutions. The critical point **B5** contains a de Sitter solution for $\documentclass[12pt]{minimal}
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The point **B6** reflects the combined effect of the non-minimal and GB couplings and leads to stable de sitter, quintessence or phantom scenarios. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _{\phi }$$\end{document}$ is not subdominant, contrary to what we would expect in an early-time radiation- or matter-dominated universe. The point **B7** describes the same scaling solution for the radiation-dominated universe as the point **A7**.

An important difference between the power-law and exponential models is that in the latter case the existence of quintessence, phantom or de Sitter solutions allows for an asymptotic behavior where the effective Newtonian coupling becomes constant. Another advantage of the exponential functions is that, given the fact that the parameters *b*, *c* and *d* take real values, we can adjust the EoS of the dark energy to asymptotic values as close to $\documentclass[12pt]{minimal}
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                \begin{document}$$-1$$\end{document}$ as required. For the power-law functions these parameters were restricted to taking integer values. Additionally, in all the above solutions the phantom scenario could be realized without introducing ghost degrees of freedom, which is quite attractive for a viable model of dark energy. In the present analysis we have shown that the effect of the non-minimal and GB couplings lead to very interesting cosmological scenarios, which can account for different accelerating regimes of the universe.
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